Abstract. Geometric structures on NQ-manifolds, i.e. non-negatively graded manifolds with an homological vector field, encode non-graded geometric data on Lie algebroids and their higher analogues. A particularly relevant class of structures consists of vector bundle valued differential forms. Symplectic forms, contact structures and, more generally, distributions are in this class. I describe vector bundle valued differential forms on non-negatively graded manifolds in terms of non-graded geometric data. Moreover, I use this description to present, in a unified way, novel proofs of known results, and new results about degree one NQ-manifolds equipped with certain geometric structures, namely symplectic structures, contact structures, involutive distributions (already present in literature) and locally conformal symplectic structures, and generic vector bundle valued higher order forms, in particular multisymplectic structures (not yet present in literature).
Introduction
Graded geometry encodes (non-graded) geometric structures in an efficient way. For instance, a vector bundle is the same as a degree one non-negatively graded manifold. In this respect NQ-manifolds, discuss degree one multisymplectic NQ-manifolds (Theorem 29). The paper is complemented by two appendixes. In Appendix A I revisit slightly the concept of a locally conformal symplectic manifold [19] and give a slightly more intrinsic definition of them. I also briefly review the relation between locally conformal symplectic manifolds and locally conformal Poisson manifolds [20] . In Appendix B I review the definition of Lie algebroids and their representations. As already remarked they play a key role in the paper.
1.1. Notations and Conventions. Let V = i V i a graded vector space. I denote by |v| the degree of a homogeneous element, i.e. |v| = i whenever v ∈ V i , unless otherwise stated.
Let M be a (graded) manifold, and E → M a (graded) vector bundle on it. I denote by M the zero degree shadow of M. Moreover, I denote by C ∞ i (M), (resp. X i (M), Γ i (E)) the vector space of degree i smooth functions on M (resp. vector fields on M, sections of E). I also denote by X − (M) the graded vector space of negatively graded vector fields on M. Sometimes, if there is no risk of confusion, I denote by E the (graded) C ∞ (M)-module of sections of E. Similarly, I often identify (graded) vector bundle morphisms and (graded) homomorphisms between modules of sections.
I adopt the Einstein summation convention.
Vector Valued Forms on Graded Manifolds
2.1. NQ-manifolds and vector NQ-bundles. I refer to [16, 12, 4] for details about graded manifolds, and, in particular N-manifolds. In the following, I just recall some basic facts which will be often used below. I will work with the simplest possible notion of a graded manifold. Namely, any graded manifold M in this paper is equipped with one single Z-grading in its algebra C ∞ (M) of smooth functions (unless otherwise stated). Moreover, C ∞ (M) is graded commutative with respect to the grading. I will call degree the grading. I will focus on N-manifolds, i.e. non-negatively graded manifolds. Recall that the degree of an N-manifold is the highest degree of its coordinates. Similarly, the degree of a vector N-bundle, i.e. a non-negatively graded vector bundle over an N-manifold, is the highest degree of its fiber coordinates. Example 1. Every degree one N-manifold M is of the form A [1] for some non-graded vector bundle A → M , and one has C ∞ (M) = Γ(∧ • A * ). In particular, degree zero functions on M identify with functions on M , and degree one functions on M identify with sections of A * . Accordingly, degree −1 vector fields on M identify with sections of A. In the following I will tacitly understand the identifications
, and X −1 (M) ≃ Γ(A). The action of a degree −1 vector field X ∈ Γ(A) on a degree one function f ∈ Γ(A * ) is given by the duality pairing: X(f ) = X, f .
Example 2.
Recall that every N-manifold M is fibered over its zero degree shadow M . Every degree zero vector N-bundle E over M is of the form M× M E for some non-graded vector bundle E → M , and one has Γ(E) = C ∞ (M) ⊗ Γ(E) (where the tensor product is over C ∞ (M )). In particular, degree zero sections of E identify with sections of E. In the following, I will tacitly understand the identification Γ 0 (E) ≃ Γ(E).
Recall that a Q-manifold is a graded manifold M equipped with a homological vector field Q, i.e. a degree one vector field Q such that the [Q, Q] = 0. An NQ-manifold is a non-negatively graded Q-manifold. 
where X, Y ∈ Γ(A) are also interpreted as degree −1 vector fields on M (so that [[Q, X], Y ] is a degree −1 vector field as well), and f ∈ C ∞ (M ).
Similarly, I call a Q-vector bundle (resp. NQ-vector bundle) a graded vector bundle E → M (resp. a vector N-bundle) equipped with a homological derivation. In this respect, recall that a (graded) derivation of E is a graded, R-linear map :
for a (necessarily unique) vector field ∈ X(M) called the symbol of . Notice that a derivation of E is completely determined by its symbol and its action on generators of Γ(E).
Example 4.
Denote by ∆ the grading vector field on M. Recall that ∆(f ) = |f |f , for any homogeneous function f on M. The grading ∆ E : Γ(E) → Γ(E), e → |e|e, is a distinguished degree zero derivation. Obviously, ∆ E = ∆.
is generated in degree zero, then a negatively graded derivation of E is completely determined by its symbol and, therefore, it is the same as a negatively graded vector field on M. Specifically, for a section of E of the form f ⊗ e, f ∈ C ∞ (M), e ∈ Γ(E), one has (f ⊗ e) = (f ) ⊗ e. In the following, I will tacitly identify negatively graded derivations of E and negatively graded vector fields on M.
Derivations of Γ(E) are sections of a (graded) Lie algebroid der E over M with bracket given by the (graded) commutator, and anchor given by the symbol. An homological derivation of E is a degree one derivation Q, such that [Q, Q] = 0 (in particular, Q is a homological vector field).
Example 6. Any degree zero NQ-vector bundle (E, Q) over a degree one N-manifold M is of the form
The algebroid structure in A corresponds to the symbol Q, while the (flat) A-connection ∇ E in E can be recovered from Q via the formula ∇ E X e = [Q, X](e) = Q(X(e)) where X ∈ Γ(A) is also interpreted as a degree −1 derivation of E (see Example 5).
2.2.
Vector valued Cartan calculus on graded manifolds. Let M be a graded manifold and E a graded vector bundle over M. Differential forms on M are functions on T [1]M which are polynomial on fibers of T [1]M → M. In particular, the algebra Ω(M) of differential forms on M is equipped with two gradings: the "form" degree and the "internal, manifold" degree, which is usually referred simply as the degree. The "total" degree is the sum of the form degree and the degree. Notice that the algebra Ω(M) is graded commutative with respect to the total degree. Similarly, E-valued differential forms on M are sections of the vector bundle
of E-valued forms is equipped with two gradings, the "internal" degree will be referred to simply as the degree. I will denote by |ω| the degree of a homogeneous (with respect to the internal degree) E-valued form ω. Now, I briefly review the E-valued version of Cartan calculus. Let be a derivation of E. There are unique derivations i , L of the vector bundle
(1) the symbol of i is the insertion i of the symbol of , (2) i agrees with the zero map on Γ(E), (3) the symbol of L is the Lie derivative L along the symbol of , (4) L agrees with on Γ(E). Notice that, actually, i does only depend on the symbol of . For this reason, I will sometimes write i for i .
Example 7. For any homogenous E-valued form ω, L ∆E ω = |ω|ω.
The following E-valued Cartan identities hold
for all , ′ ∈ Γ(der E), where the bracket [−, −] denotes the graded commutator. Moreover,
for all f ∈ C ∞ (M). Now suppose that E is equipped with a flat connection ∇. Recall that a connection in E is a graded, homogeneous,
Let ∇ be a flat connection in E. The following identities hold
Finally, specialize to the case when M is an N-manifold and E is degree zero. Then E = M × M E for some vector bundle E over the zero degree shadow M of M. A connection ∇ 0 in E induces a unique connection ∇ in E such that, whenever X ∈ X 0 (M) is projectable onto a vector field X over M , then
X e, for all e ∈ Γ(E), and ∇ is flat iff ∇ 0 is flat. Moreover, every connection in E is of this kind. Notice that, whatever ∇, the covariant derivative along the grading vector field ∆ coincides with the grading derivation ∆ E . To see this it is enough to compare the action of ∇ ∆ and ∆ E on generators. Locally, Γ(E) is generated by ∇ 0 -flat sections of E. Thus, let e ∈ Γ(E) be ∇ 0 -flat. Then ∇ ∆ e = 0 = ∆ E e. As an immediate consequence, Every
3. An alternative description of vector valued forms on N-manifolds. In the following, I will only consider the case when M is an N-manifold and E is generated in one sigle degree. Let M be the zero degree shadow of M. Then, up to an irrelevant shift, E is isomorphic to a pull-back M × M E, where E is a non-graded vector bundle over M (see Example 2). Accordingly, I will often write C ∞ (M, E) for Γ(E) and Ω(M, E) for Ω(M, E).
Remark 8. Despite the huge simplifications inherent to the hypothesis E ≃ M × M E, this case still captures many interesting situations. For instance, degree n symplectic [16] and contact [7, 13] Nmanifolds can be both understood as N-manifolds M equipped with a degree n differential form with values in a vector bundle concentrated in just one degree (the trivial bundle M × R in the symplectic case, and a generically non-trivial line bundle concentrated in degree n in the contact case). I hope to discuss the case of a general vector bundle E elsewhere.
Theorem 9. Let n be a positive integer. A degree n differential k-form on M with values in E is equivalent to the following data:
and, moreover,
for all X, Y ∈ X − (M), and f ∈ C ∞ (M ).
Remark 10. By induction on n, Theorem 9 provides a description of E-valued differential forms in terms of non-graded data. Indeed, D and ℓ take values in lower degree forms.
Properties (3), (4), (5), and (6) immediately follow from identities (1), and (2). Conversely, let D and ℓ be as in the statement of the theorem, and prove that there exists a unique degree n differential form ω ∈ Ω k (M, E) fulfilling (7). I propose a local proof. One can pass to the global setting by partition of unity arguments. Let . . . , z a , . . . be positively graded coordinates on M and ∂ a := ∂/∂z a . In particular the grading derivation ∆ E is locally given by
Moreover, X − (M) is locally generated, as a C ∞ (M )-module, by vector fields
and prove (7) . First of all, for X = X a ∂ a ,
In view of (4) and (5),
so that
Similarly
Using X = ∂ b in Equations (8) and (9) gives
In view of identity (3), in order to prove (7), it is enough to restrict to vector fields X of the form
This case can be treated by induction on k, using Equations (10) as base of induction.
where a hat " −" denotes omission, by induction hypothesis we have
A direct computation shows that the second summand in the right hand side of (8) is equal to − |X| n L X ω. Similarly, the second summand in the right hand side of (9) is equal to − |X| n i X ω. Notice that, since k > 0, then |X| > −n and one can conclude that L X ω = D(X), and, similarly, i X ω = ℓ(X).
To prove uniqueness, it is enough to show that a degree n differential form ω with values in E is completely determined by contraction with and Lie derivative along negatively graded derivations. Thus,
In particular ω is completely determined by L ∂a ω and i ∂a ω.
I will refer to the data (D, ℓ) corresponding to a vector valued form ω as the Spencer data of ω. Indeed, as I will show in Section 5, they are a vast generalization of the Spencer operators considered in [6, 17] .
where p is the canonical projection. Sequence (11) splits via the universal first order differential operator
comes equipped with an E-valued, degree n Cartan 1-form θ. In order to define θ recall that negatively graded vector fields on M are concentrated in degree −n, and X −n (M) identifies with Γ(J 1 E) as a C ∞ (M )-module. Now, θ is uniquely defined by the following properties i j 1 e θ = e, and L j 1 e θ = 0,
for all e ∈ Γ(E). It immediately follows from (12) that the Spencer data (D, ℓ) of θ identify with (−) n times the Spencer operator S :
Example 12. Let M be a non-graded manifold. The degree n N-manifold M = T * [n]M comes equipped with the obvious tautological, degree n 1-form ϑ. Consider the degree n 2-form ω = dϑ. Negatively graded vector fields on M are concentrated in degree −n, and X −n (M) is naturally isomorphic to
It is easy to see that ω is uniquely defined by the following properties
for all f ∈ C ∞ (M ). It immediately follows from (13) that the Spencer data (D, ℓ) of ω identify with (−) n times the exterior differential d :
Example 13. Let E → M be a non-graded vector bundle equipped with a flat connection ∇. The degree n N-manifold M = T * [n]M ⊗ E is equipped with a tautological, degree n E-valued 1-form ϑ. As discussed in Section 2.2, the flat connection ∇ induces a flat connection in the graded vector bundle M × M E → M which I denote again by ∇. In its turn, the induced connection determines an homological derivation d ∇ of the vector bundle
Notice that d ∇ maps k-forms to (k + 1)-forms and agrees with the de Rham differential of ∇ on degree zero forms, i.e. elements of Ω(M, E). Consider the degree n 2-form ω = d ∇ θ with values in E. Negatively graded vector fields on M are concentrated in degree −n, and
for all e ∈ Γ(E). It immediately follows from (14) that the Spencer data (D, ℓ) of ω identify with (−)
In the three remaining sections I use Theorem 9 to describe degree one NQ-manifolds equipped with a compatible vector valued differential form in terms of non-graded data. In particular, I manage to give alternative proofs of known results about compatible contact structures [7, 13] , involutive distributions [26] , and symplectic forms [16] on degree one NQ-manifolds. I also manage to find new results about compatible locally conformal symplectic structures (see Appendix A), and, more generally, higher order vector valued forms on degree one NQ-manifolds. It turns out (Theorem 26) that a compatible degree one differential k-form on a degree one NQ-manifold (M, Q) is equivalent to a Lie algebroid equipped with a structure recently identified in [6] as the infinitesimal counterpart of a vector valued, multiplicative form on a Lie groupoid (see also [17] ), namely, a k-th order Spencer operator.
3. Vector Valued 1-forms on NQ-manifolds 3.1. Vector valued 1-forms and distributions. Let M be a degree n N-manifold, n > 0, and (E = M × M E, Q) a degree zero NQ-vector bundle over it. A degree n 1-form θ with values in E is compatible with Q if, by definition, L Q θ = 0. Several interesting geometric structures are described by compatible 1-forms. For instance, compatible distributions on an NQ-manifold are equivalent to surjective compatible 1-forms. Namely, Let (M, Q) be a degree n NQ-manifold, and let
for a suitable non-graded vector bundle E → M , and the projection θ D : T M → M × M E can be interpreted as a degree k, surjective, E-valued 1-form such that ker θ D = D. Conversely, if E → M is a non-graded vector bundle and θ is a degree k, surjective 1-form with values in E, then D := ker θ is a distribution such that θ D = θ.
Now, let D be a distribution co-generated in degree n and E be such that
If D is compatible with Q, then the commutator with Q restricts to an homological derivation of D, hence it also descends to an homological derivation of the vector bundle M × M E which I denote by
is a degree zero NQ-bundle and θ is a degree n surjective 1-form with values in E, then L Q θ = 0 iff 1) ker θ is a distribution compatible with the symbol Q of Q, and 2) Q is induced in Γ(T M/D) by the adjoint operator [Q, −] on X(M). One concludes that compatible distributions are the same as compatible surjective 1-forms.
Notice that an infinitesimal symmetry of D, i.e.i.e. a vector field X such that
The symbol of is precisely X. Moreover, one can compute the Lie-derivative L θ. By the very definition of , L θ = 0. Now recall that a distribution D on a (graded) manifold M comes equipped with a curvature form
The curvature form ω D measures how far is D from being involutive. The two limit cases ω D nondegenerate and ω D = 0 are of a special interest. The first one corresponds to maximally non-integrable distributions, the second one to involutive distributions.
3.2.
Degree one contact NQ-manifolds. Let M be an N-manifold and C an hyperplane distribution on it. Since L := T M/C is a line bundle, then it is generated in one single degree. A degree n contact N-manifol is an N-manifold M equipped with a degree n contact structure, i.e. an hyperplane distribution C, such that the line bundle L := T M/C is generated in degree n, and the curvature form ω C is non-degenerate (see [7] for an alternative definition exploiting the "symplectization trick"). It follows from the definition that, if (M, C) is a degree n contact N-manifold, then the degree of M is n. When L is a trivial line bundle, C is the kernel of a (no-where vanishing) one-form α which can be used to simplify the theory significantly (see [13] ). In this case the contact structure is said to be co-orientable and a choice of α provides a co-orientation (i.e. an orientation of L). In the general case,
for a non-graded line bundle L → M , and C is the kernel of a (degree n) 1-form θ C with values in a (generically non trivial) line bundle L.
A degree n contact structure on M determines a non-degenerate degree −n Jacobi bracket {−, −} on Γ(L), i.e. a degree −n Lie bracket which is a graded first order differential operator in each argument and such that the associated morphism
For the details about how to define the Jacobi bracket {−, −} from C in the non-graded case see, for instance, [5] . The generalization to the graded case can be carried out straightforwardly and the obvious details are left to the reader. A degree n contact NQ-manifold is a degree n contact manifold (M, C) equipped with an homological vector field Q such that [Q, Γ(C)] ⊂ Γ(C), in other words it is an NQ-manifold equipped with a compatible degree n contact structure. If (M, C, Q) is a contact NQ-manifold, the homological vector field Q induces an homological derivation Q of L as discussed above. Thus, equivalently, a degree n contact NQ-manifold is a degree n contact manifold (M, C) equipped with an homological derivation Q of L such that L Q θ C = 0.
Theorem 16 (Mehta [13] (in the co-oriented case only) and, independently, Grabowski [7] (in the general case)). Every degree one contact N-manifold (M, C) is of the kind (J 1 L[1], ker θ), up to contactomorphisms, where L → M is a (non-graded) line bundle, and θ is the Cartan form on
Moreover, there is a one-to-one correspondence between degree one contact NQ-manifolds and (nongraded) manifolds equipped with an abstract Jacobi structure (see the appendixes).
Notice that Mehta does only discuss the case when C is co-orientable, i.e. T M/C is globally triviali. Moreover, he selects a contact form, which amount to selects a global trivialization T M/C ≃ M ×R (see [13] for details). On the other hand, Grabowski discusses the general case (he actually treats the degree two case as well). His proof relies on the "symplectization trick" which consists in understanding a contact manifold as a homogeneous symplectic manifold (see [7] ) and then using already known results in the symplectic case. I propose an alternative proof avoiding the "symplectization trick" and focusing on the Spencer data of the structure 1-form of C. I refer to [5] for details on abstract Jacobi structures. 
Proof. Let (M =
where I used that i j 1 λ θ = λ, and L j 1 λ θ = 0 (see Example 11) . Concluding, As the terminology suggests, IM foliations are infinitesimal counterparts of involutive multiplicative distributions on Lie groupoids [9] . Zambon and Zhu [26] proved that IM foliations can be also understood as degree one NQ-manifolds equipped with an involutive distribution preserved by the homological vector field. In the following, I restrict to distributions co-generated in degree 1. In this particularly simple situation, I can provide an alternative proof of Zambon-Zhu result exploiting the description of vector valued forms in terms of their Spencer data. 
X, Y ∈ Γ(A).
Proof. Denote by Γ ∇ the sheaf on M consisting of sections X of A such that X mod B is ∇-flat.
Since Γ(A/B) is locally generated by flat sections, Γ(A) is locally generated by Γ ∇ . Now, the left hand side of (15) is clearly C ∞ (M )-linear in X. Moreover, it vanishes whenever Y ∈ Γ(B). To see this, it is enough computing on local generators X ∈ Γ ∇ . In this case, the left hand side of (15) 
by Jacobi identity.
Finally, notice that Equation (16) is equivalent to
X, Y ∈ Γ(A), and Z ∈ X(M ). Actually, (17) can be easily obtained from (16) , by inserting Z in both sides, and using
Thus it is enough checking that the expression
vanishes for all X, Y, Z. A direct computation shows that S is C ∞ (M )-linear in its first two arguments. Therefore, it is enough computing S(X, Y ; Z) for X, Y ∈ Γ ∇ . In this case [[X, Y ]] ∈ Γ ∇ as well and S(X, Y ; Z) vanishes.
Theorem 18 (Zambon & Zhu [26] ). There is a one-to-one correspondence between degree one NQmanifolds equipped with a compatible involutive distribution and Lie algebroids A → M equipped with an IM foliation over T M .
Proof. Let M = A[1] be a degree one N-manifold, and let D be an involutive distribution on it, cogenerated in degree 1. Denote by π : M → M the projection of M onto its zero dimensional shadow. The quotient bundle T M/D identifies with M × M E[1] for a non-graded vector bundle E → M , and θ D is a degree one E-valued 1-form on M. Moreover, D projects surjectively onto T M , i.e. π * D = T M . In particular, for any vector field Z on M there is a (degree zero) vector fieldZ ∈ Γ(D) that is π-related to Z.
Denote by (D, ℓ) the Spencer data of θ D . In particular, ℓ : Γ(A) → Γ(E) is surjective. Let B = ker ℓ so that E identifies with A/B and ℓ identifies with the projection Γ(A) → Γ(A/B). In the following I will understand this isomorphism. There is a unique first order differential operator δ :
To see this it is enough to show that Γ(B) ⊂ ker D. Since Γ(B) = Γ −1 (D), and sections of D are infinitesimal symmetries by involutivity, then
, and α ∈ Γ(A/B). Therefore, δ is minus the (first) de Rham differential of a unique connection ∇ in A/B. I claim that ∇ is a flat connection. Indeed, first of all, notice that for all Z ∈ X(M ) and X ∈ Γ(A),
whereZ is any zero degree vector field on M that is π-related to Z. I can chooseZ ∈ Γ(D) so that 
The same computation as above shows that
where Y = π * Ỹ , and Z = π * Z . I conclude that involutive distributions on M co-generated in degree one are equivalent to the following (non-graded) data: a vector subbundles B ⊂ A and a flat connection in A/B. 
. Recall that a degree n symplectic N-manifold is an N-manifold M equipped with a degree n symplectic structure, i.e. a degree n non-degenerate, closed 2-form ω.
It immediately follows from the definition that, if (M, ω) is a degree n symplectic N-manifold, then the degree of M is precisely n. A degree n symplectic NQ-manifold is a degree n symplectic manifold (M, ω) equipped with an homological vector field Q such that L Q ω = 0. If n > 0, then ω = dϑ, with ϑ = n −1 i ∆ ω.
Theorem 20 (Roytenberg [16] ). Every degree one symplectic N-manifold (M, ω) is of the kind (T * [1]M, dϑ), up symplectomorpisms, where ϑ is the tautological degree one 1-form on T * [1]M (see Example 12). Moreover, there is a one-to-one correspondence between degree one symplectic NQ-manifolds and (non-graded) Poisson manifolds.
Roytenberg proof [16] exploits explicitly the Poisson bracket. I propose an alternative proof focusing on Spencer data. The advantage is that I can apply the same strategy to degenerate or higher degree forms in a straightforward way (see Theorems 26 and 29 below).
Proof. Let (M, ω) be a degree one symplectic N-manifold, and let (D, ℓ) be the Spencer data of ω. In particular, M = A [1] for some vector bundle A → M . By non-degeneracy ℓ :
commutes. This shows that diffeomorphism M ≃ 
It is easy to see, that one can even restrict to X, Y in the form df, dg, with f, g ∈ C ∞ (M ). One gets
and
where I used that i dg ω = dg, and L dg ω = 0 (see Example 12) .
is the Lie algebroid associated to a Poisson structure on M (see Appendix B).
4.2.
Degree one locally conformal symplectic NQ-manifolds. The original definition of a locally conformal symplectic (lcs) structure is (equivalent to) the following [19] : a lcs structure on a manifold M is a pair (φ, ω), where φ is a closed 1-form and ω is a non-degenerate 2-form on M such that dω = φ∧ω. Lcs manifolds share some properties with ordinary symplectic manifolds but are manifestly more general. Moreover, they are examples of Jacobi manifolds. Actually the even-dimensional leaves of a Jacobi manifold are lcs manifolds in a natural way. In this paper I adopt an approach to lcs manifolds which is slightly more intrinsic than the traditional one (see Appendix A) in the same spirit as the intrinsic approach to contact and Jacobi geometry of [5] .
Definition 21. A degree n abstract lcs N-manifold is an N-manifold M equipped with a degree n abstract lcs structure, i.e. a triple (L, ∇, ω) where L → M is a line N -bundle, ∇ is a flat connection in L, and ω is degree n, non-degenerate, d ∇ -closed 2-form ω.
First of all, notice that, being L a line bundle, it is actually generated in one single degree −k. Up to a shift in degree in the above definition I may (and I actually will) assume k = 0. In particular, L = M × M L, for some (non-graded) vector bundle L on the zero degree shadow M of M, and ∇ is actually induced from a flat connection on L. Exactly as in the symplectic case [16] one shows that, if M possesses a degree n abstract lcs structure, then, by non-degeneracy, the degree of M is precisely
Example 22. The degree n 2-form ω of Example 13 is a degree n abstract lcs structure.
A degree n abstract lcs symplectic NQ-manifold is a degree n abstract lcs manifold (M, L, ∇, ω) equipped with an homological derivation Q of L such that L Q ω = 0. The proposition below shows that, actually, Q is completely determined by its symbol.
Proposition 23. Let (M, L, ∇, ω) be an abstract lcs N-manifold with homological derivation Q, and let Q be the symbol of Q. Then Q is the covariant derivative along Q.
Proof. The derivations Q and ∇ Q share the same symbol Q and, therefore, their difference Q − ∇ Q is a degree one endomorphism of L which can only consist in multiplying sections by a degree one function
hence, by non-degeneracy, df = 0. Since f is a positive degree function, one can conclude that f = 0. By non-degeneracy ℓ : 
Theorem 24. Every degree one abstract lcs
Similarly as in the proof of Theorem 20, one can even restrict to X, Y in the form
is the Lie algebroid associated to a locally conformal Poisson structure (L, ∇, P ) on M , and (L, ∇ L ) is its canonical representation.
5. Higher Degree Forms on Degree One NQ-manifolds 5.1. Vector valued forms on degree one NQ-manifolds and Spencer operators. In this section I discuss degree one compatible vector valued forms on degree one NQ-manifolds. It turns out that they are equivalent to the recently introduced Spencer operators on Lie algebroids [6] . Let (A, [[−, −]], ρ) be a Lie algebroid over a manifold M , (E, ∇) a representation of A, and let k be a non-negative integer. An E-valued k-Spencer operator [6] is a pair consisting of
For all X, Y ∈ Γ(A). There is a difference in signs between the above definition and the original one in [6] . The original definition is recovered by replacing D → −D. I chose the sign convention which makes formulas simpler in the present graded context. Spencer operators are the infinitesimal counterparts of vector valued multiplicative forms on Lie groupoids. Therefore the result of this section is the expected generalization of the following (well) known facts:
• Jacobi manifolds can be understood either as infinitesimal counterparts of contact Lie groupoids [5] or as degree one contact NQ-manifolds [13] , • Poisson manifolds can be understood either as infinitesimal counterparts of symplectic Lie groupoids [25] or as degree one symplectic NQ-manifolds [16] .
Definition 25. Let M be an N-manifold and (E, Q) an NQ-vector bundle over it. An E-valued differential form on M, ω, is compatible with Q if L Q ω = 0.
Theorem 26.
There is a one-to-one correspondence between • degree one N-manifolds equipped with a degree zero NQ-vector bundle E and a degree one compatible E-valued differential k-form, and • Lie algebroids equipped with a representation (E, ∇ E ) and an E-valued k-Spencer operator Proof. Let M be a degree one symplectic N-manifold, and (E, Q) a degree zero NQ-vector bundle over it.
and (E, ∇ E ) be the Lie algebroid and the Lie algebroid representation corresponding to Q. Finally, let ω be a degree one
Concluding, ω is compatible with Q iff (D, ℓ) is an E-valued k-Spencer operator on the Lie algebroid A.
5.2.
Degree one multisymplectic NQ-manifolds. I conclude this section specializing to degree one multisymplectic NQ-manifolds. Let k be a positive integer. Recall that a k-plectic manifold (see, for instance, [15] , see also [3] for more details on multisymplectic geometry) is a manifold N equipped with a k-plectic structure, i.e. a closed (k + 1)-form ω which is non-degenerate in the sense that the vector bundle morphism T N → ∧ k T * N , X → i X ω is an embedding. As expected, degree one multisymplectic NQ-manifolds are equivalent to Lie algebroids equipped with an IM multisymplectic structure, also called higher Poisson structure in [2] , which are the infinitesimal counterparts of multisymplectic groupoids. Specifically, an IM k-plectic structure on a Lie algebroid
for all X, Y ∈ Γ(A), and, moreover,
• ker ℓ := {a ∈ A : ℓ(a) = 0} = 0,
Definition 27. A degree n k-plectic N-manifold is a degree n N-manifold M equipped with a degree n k-plectic structure, i.e. a closed (k + 1)-form which is non-degenerate in the sense that the degree n vector bundle morphism T M → S k T * [−1]M, X → i X ω is an embedding. A degree n k-plectic NQ-manifold is an NQ-manifold equipped with a compatible k-plectic structure.
Example 28. Let M be an ordinary (non-graded) manifold. The degree n N-manifold M = (∧ k T * )[n]M comes equipped with the obvious tautological, degree n k-form ϑ. Consider the degree n (k + 1)-form ω = dϑ. It is a degree n k-plectic structure. Negatively graded vector fields on M identify with k-forms on M and it is easy to see, along similar lines as in Example 12 , that the Spencer data (D, ℓ) of ω identify with (−) n times the exterior differential d :
Theorem 29. Degree one k-plectic NQ-manifolds are in one-two-one correspondence with Lie algebroids equipped with an IM k-plectic structure.
Proof. Let M be a degree one N-manifold, ω a degree 1 (k + 1)-form on it and (D, ℓ) the corresponding Spencer data. In particular, M = A[1] for some vector bundle A → M . Moreover, ω is closed iff i X dω = 0 for all negatively graded vector fields X on M. Indeed, from i X ω = 0 it also follows L X dω = 0. In other words, dω = 0 iff diagram Finally, I need to characterize non-degeneracy of the closed form ω in terms of ℓ. Recall that M can be understood as a submanifold in M via the "zero section" of M → M , and the vector bundle morphism Γ :
, and
It follows from |ω| = 1 that Γ| M does actually take values in
More precisely, it identifies with the pair of vector bundle morphisms
Consequently, ker ℓ and (im ℓ)
• are trivial iff ω| M is an embedding. It remains to show that ω is nondegenerate provided only Γ| M is an embedding. This is easily seen, for instance, in local coordinates: let x i be coordinates in M and z a be (degree one) fiber coordinates in
, the vector bundle morphism Γ is represented by the matrix
and Γ| M is represented by the same matrix with the lower-left block set to zero. This concludes the proof.
Appendix A. Locally Conformal Symplectic Manifolds Revisited I refer to [19] for details about locally conformal symplectic (lcs) structures. Here, I present a slightly more intrinsic approach to them. Let M be a smooth manifold.
Definition 30. An abstract lcs structure on M is a triple (L, ∇, ω), where L → M is a line bundle, ∇ is a flat connection in L, and ω is a non-degenerate L-valued 2-form on M such that d ∇ ω = 0, where L) is the de Rham differential determined by ∇. A manifold equipped with an abstract lcs structure is an abstract lcs manifold.
Example 31. Let (L, ∇, ω) be an abstract lcs structure on M . If L = M × R is the trivial line bundle, then ∇ is the same as a closed 1-form on M , specifically, the connection 1-form φ := −d ∇ 1 ∈ Ω 1 (M ). Moreover, ω is a standard (non-degenerate) 2-form on M and it is easy to see that (φ, ω) is a standard lcs structure, i.e. dω = φ ∧ ω. In particular, if φ = 0, then ω is a symplectic structure.
The word "abstract" in Definition 30 refers to the fact that ω takes values in an "abstract" line-bundle L, as opposed to the concrete, trivial line bundle M × R. Similarly, one can define "abstract" locally conformal Poisson manifolds (see below) and, more generally, "abstract" Jacobi manifolds. Recall that an abstract Jacobi structure on a manifold M is a line bundle L equipped with a Lie bracket {−, −} on Γ(L) which is a first order differential operator in each entry (see, e.g., [5] for details). An abstract lcs structure (L, ∇, ω) on M determines an abstract Jacobi structure (L, {−, −} as follows. First of all, by non degeneracy, ω establishes an isomorphism
Clearly, {−, −} is a first order differential operator of order one in each argument. Moreover, the Jacobi identity is equivalent to d ∇ ω. Thus, (L, {−, −}) is an abstract Jacobi structure on M . Notice that there exists a unique linear morphism P :
is the same as a standard lcs structure (φ, ω).
and {f, g} := ω(X f , X g ) = X f (g) − gφ(X f ). In particular, if φ = 0, then P is the Poisson bivector determined by the symplectic structure ω.
More generally, Let M be a smooth manifold, (L, ∇) a line bundle over M equipped with a flat connection, and P : ∧ 2 (T * M ⊗ L) → L a linear morphism. One can then define a bracket {−, −} P in Γ(L) by putting {λ, µ} P = P (d ∇ λ, d ∇ µ), λ, µ ∈ Γ(L).
Definition 33. An abstract locally conformal Poisson structure on M is a triple (L, ∇, P ), where L → M is a line bundle, ∇ is a flat connection in L, and P is a linear morphism P : ∧ 2 (T * M ⊗L) → L such that {−, −} P is a Lie bracket. A manifold equipped with an abstract locally conformal Poisson structure is a abstract locally conformal Poisson manifold.
Thus, abstract lcs manifolds are abstract locally conformal Poisson structures (much as standard symplectic manifolds are standard Poisson manifolds), but the latter are more general.
Example 34. Let (L, ∇, P ) be an abstract locally conformal Poisson structure on M . If L = M × R is the trivial line bundle, and φ := −d ∇ 1 ∈ Ω 1 (M ) is the connection 1-form, then P is a standard bivector on M and a lengthy but straightforward computation shows that (φ, P ) is a locally conformal Poisson structure in the sense of [20] , i.e. [P, P ] ns = i φ P ∧P (where [−, −] ns is the Nijenhuis-Schouten bracket of multivectors). In particular, if φ = 0, then P is a Poisson structure. 
